In order to solve the problem of Bézier segmentation of T-spline solids in parametric domains, a T-spline solid Bézier segmentation algorithm based on dimension decomposition is proposed. Firstly, the algorithm simplifies the problem by decomposing the three-dimensional parametric domain into three onedimensional parametric domains. Then, the definition domain of a T-spline solid element is segmented according to the knot vector of the T-spline vertex. Finally, the segmentation results are combined with the Bézier extraction matrix to complete the extraction of the T-spline solid. The effectiveness of the proposed algorithm is verified by examples.
INTRODUCTION
Isogeometric analysis, a numerical method based on spline function proposed in 2005 [7] , uses the same geometric representation for both engineering design model and analysis model, thus eliminating the huge model difference between design and analysis, and improving the efficiency and accuracy of the overall product design process [13] . However, the traditional geometry model still has limitations in expressing three-dimensional objects. This is due to the fact that all the current CAD systems use NURBS or T-spline bounding surface set to represent solid objects, which lack the numerical parameterization of the internal domain. This kind of defect has become the bottleneck of the integration of design and analysis in many engineering fields. [2] , [3] , [5] Several papers have studied isogeometric analysis using non-uniform rational B-splines (NURBS) solids [4] , [7] , [9] , [15] . However, NURBS has some drawbacks which limit its application in isogeometric analysis, for example, NURBS [9] does not support local refinement and gaps often occur between two neighboring NURBS surface patches. To overcome these limitations, Sederberg invented Tsplines [11] , which naturally support local refinement [12] by introducing T-junctions. In [7] , [10] , T-spline is introduced into isogeometric analysis.
The T-spline solid inherits the advantages of T-spline surface, which circumvent the shortcomings of NURBS in expressing complex geometries, such as the need for trimming, and the inability of local refinement [11] [12] . T-spline solid construction is one of the key technologies to support isogeometric analysis philosophy to achieve practical level endeavors. A few works have been devoted to constructing T-spline solid and applying T-spline solid in isogeometric analysis. Zhang et al. proposed a method of transforming genus-zero boundary mesh models into T-spline solid models [17] . Wang et al. proposed a method of transforming arbitrary genus boundary mesh models into the T-spline solid models and performed isogeometric analysis of the T-spline solids obtained [13] . Zhang et al. completed the work of transforming special T-spline surfaces into Tspline solids [16] . The above research on T-spline solid focuses mainly on the construction process of T-spline solid. In [13] , isogeometric analysis of T-spline solids is performed, but the emphasis is on visualizing the analysis results and the detailed steps in the analysis process are not introduced. As a key algorithm for T-spline solids applied to isogeometric analysis, Bézier extraction was proposed by Scott et al. [10] . When this algorithm is applied to isogeometric analysis of T-spline solids, there are two main steps: (1) Bézier segmentation of three-dimensional T-mesh in the parametric domain. (2) Get the Bézier extraction matrix corresponding to each blending function of the T-spline solid.
Scott et al. [10] gives a detailed description of the implementation process of step (2), but the specific implementation process of step (1) is not given. Other literatures on T-spline solid also lack specific algorithms. Although there is some research on the algorithm of Bézier segmentation of two-dimensional T-meshes, due to the intrinsic complexity of three-dimensional T-mesh the algorithm cannot be directly extended to a T-spline solid. In this paper, the problem of Bézier segmentation of the T-spline solid is studied and the parametric domain Bézier segmentation algorithm of a T-spline solid was proposed. Some examples are demonstrated to verify the algorithm.
The rest of paper is organized as follows. In section 2, we give a brief introduction to T-splines and T-spline solids. The Bézier extraction of T-spline solids is briefly explained in section 3. Section 4 is dedicated to describing the Bézier segmentation algorithm of T-spline solids in the parametric domain. Section 5 shows some numerical examples to confirm the algorithm's effectiveness. Conclusions and future work are presented in section 6.
T-SPLINES AND T-SPLINE SOLIDS
NURBS has been widely used in the field of CAD due to its excellent mathematical and algorithmic properties. However, it is to a certain extent limited by its tensor product topological structure. Tsplines were introduced into the CAD community as a generalization of NURBS to overcome their limitations. Flexible topology helps T-splines to model complex design as one single watertight geometry without superfluous control points. In addition, while preserving the exact geometry of Tsplines, a local refinement is feasible. All of these superiorities make T-splines ideal for isogeometric analysis. An example of a T-spline surface with T-junction (red node), is shown in Figure 1 . T-spline solid is a trivariate T-spline structure constructed in three-dimensional space. T-spline solid inherits the advantages of flexible topology and local refinement of bivariate T-splines, which makes it very attractive in isogeometric analysis. The basis function of rational T-spline solids is defined as follows:
Nu is the B-spline basis function corresponding to the control point P i with k degree in u-direction. The definition of T-splines is presented in detail in [11] .
The three-dimensional T-mesh of a T-spline solid is called a spatial T-mesh. It contains the spatial coordinates and topology structure of all control points of the T-spline solid, as shown in Figure 2 (a). Each control point in the T-spline solid corresponds to a parametric point. The topology structure of these parametric points is the same as that of control points, and is called parametric domain T-mesh, as shown in Figure 2 The parametric domain T-mesh of the T-spline solid consists of two kinds of basic geometric information, hexahedron element (cube), which is segmented by isoparametric lines, and parametric point element (vertex) on T-mesh. In Figure 3 is a simple demonstration of cube and vertex of parametric domain T-mesh. Each cube has minimum and maximum values (u_min, u_max, v_min, v_max, w_min, w_max) in three directions of the parametric domain. Each vertex in the parametric domain of the T-mesh contains knot vectors in three directions (u_knot, v_knot, w_knot). An example of a cubic T-spline solid is shown in Figure 4 . In this paper, the cubic T-spline solid is selected as the research object, but this algorithm is not limited to the cubic T-spline solid. There are many ways to generate T-spline solid, such as transforming boundary T-splines to Tspline solid [16] , transforming boundary surface triangulations to T-spline solid [13] , and creating T-spline solid according to the definition of trivariate T-spline. Once a T-spline solid is constructed, it is already equipped with parameterization data and has its solid data structures that store topological and geometrical information, such as the definition domains of cubes and the knot vectors of vertices mentioned above. But such T-spline solid cannot be directly used for isogeometric analysis, because not all cubes segmented by isoparametric lines in T-spline solid can be treated equivalently as one computation element in FEA [10] . Therefore, before performing isogeometric analysis of T-spline solid, Bézier extraction should be carried out first.
BÉZIER SEGMENTATION OF T-SPLINE SOLIDS
The Bézier extraction helps us develop T-splines from the finite element point-of-view. The operation for extracting the linear operator which maps the Bernstein polynomial basis on Bézier solids to the global T-spline basis is referred to as Bézier extraction. The Bézier extraction operation provides an element structure for isogeometric analysis which can be easily incorporated into existing finite element codes.
As mentioned in section 1, there are two main steps when the Bézier extraction is applied to the isogeometric analysis of T-spline solid: (1) Bézier segmentation of three-dimensional T-mesh in parametric domain. (2) Get the Bézier extraction matrix corresponding to each blending function of three-dimensional T-spline.
Step (1) divides parametric domain T-mesh into Bézier solids.
Step (2) associates vertices on T-mesh with nodes on Bézier solids by Bézier extraction matrix. Relevant studies have detailed descriptions of step (2), in this paper we will focus on the specific implementation process of step (1) .
The essential function of Bézier extraction is to transform T-spline solids into Bézier solids, but not each cube on parametric T-mesh can be represented by a single rational Bézier element. This phenomenon is illustrated by a common example, as shown in Figure 5 . domain T-mesh of a cubic T-spline solid. V is a parametric vertex, C is a cube in the parametric domain T-mesh, and the red region is the definition domain of the blending function corresponding to the parametric vertex V. According to the differentiability of B-spline basis function, the internal C continuity of T-spline solid corresponding to cube C cannot be achieved because of the existence of the dash line wherein the continuity is reduced [10] , while in a rational Bézier solid C continuity can be satisfied. Therefore, the T-spline solid corresponding to cube C should be segmented further into different Bézier solids by which the isogeometric analysis could be implemented. Because the T-junctions may appear frequently in a parametric T-spline solid, this step can be very delicate based on how complex the solid will be and the local details of the parametric T-spline solid. But in order to perform Bézier extraction of T-spline solid, the T-spline solid must be segmented first. If the brute force algorithm is used to traverse every vertex for Bézier segmentation, as shown in Figure 5 , when the vertex V is reached, the segmentation will result in the green L-shaped volume which needs a different data structure to store from the regular cube volume. And this L-shape is not the final result so when encounter a new vertex that has knot interval interferes with it, it will be further segmented and some of the data related with it will be recalculated. This will make the algorithm clumsy and difficult to check so some craft should be invented to upgrade it. This will be done in next section of this paper.
After the Bézier segmentation, the extraction operators can be obtained by the method proposed in [10] . With the basis functions defined by Equations (2.1) (2.2), we now define the element geometric map e T from the parent element domain onto the physical domain as: Through Bézier extraction, each cube in T-spline solids is transformed into Bézier solids and the internal C continuity of each element is obtained, so that isogeometric analysis can be carried out. More details about the isogeometric finite element data structures based on Bézier extraction of T-splines are presented in [10] .
T-SPLINE SOLID BÉZIER SEGMENTATION ALGORITHM
In order to perform Bézier segmentation of the parametric domain T-mesh efficiently and avoid the difficulty of storing the intermediate segmentation results, this paper presents a Bézier segmentation algorithm for parametric domain T-mesh of T-spline solids. There is a flow chart of the algorithm, as shown in the Figure 6 . 
Algorithms 1: T-spline Solid Parametric Domain T-mesh Bézier Segmentation
STEP1: Build a stack to store all cubes in the parametric domain T-mesh.
STEP2:
If the stack is not empty, the cube on the top of the stack is popped out of the stack. Traverse the vertices that affect the cube and execute STEP3 for the current vertex.
STEP3:
Calculate the knot vector of the current vertex. If a single interval of the knot vector completely covers the cube, go to the next vertex. Otherwise, execute STEP4.
STEP4:
Perform the segmentation of the current cube (using Algorithm2), all the new cubes generated by segmentation are pushed onto the stack and return to STEP2.
An important step of the algorithm is to determine whether a single interval of the knot vector completely covers the cube. The specific method is to judge the overlap relation of the cube's parametric domain and the vertex's knot vector in three parametric directions respectively. We realize the algorithm by taking all the three possible situations into consideration, as shown in Figure 7 , wherein the u-direction is taken as an example, without loss of generality.
Algorithm2: Parametric domain T-mesh cube segmentation algorithm

STEP1:
The segmentation of the cube by the current vertex is decomposed into three directions: u, v and w. STEP2 is executed in three directions respectively.
STEP2:
Taking the u-direction as an example, the u-direction of the cube is segmented by the u-direction knot vector (u_knot) of the vertex. There are three possible situations as shown in Figure 8 (u_min, u_max are the minimum and maximum values of the cube's parametric coordinates in u-direction). Based on these situations the cube could be segmented along the dash line as Figure 8 shows. The segmentation results generated by the Algorithm2 are regular hexahedrons in parametric space, thus solving the problem of producing L-shaped or more complex spatial volumes in the process of parametric space segmentation. In addition, this process only addresses each original cube once, and can complete the segmentation of T-mesh in the parametric domain without repetition or omission. There is an example to illustrate the segmentation of cube C by the knot vectors of vertex V, as shown in Figure 9 . 
NUMERICAL EXAMPLES AND ISOGEOMETRIC ANALYSIS
In order to verify the validity of the method proposed in this paper, the Bézier extraction algorithm of T-spline solids is implemented by C++ programming language on a PC equipped with an Intel i5-6500 processor and 8 GB main memory. Firstly, the parametric domain T-mesh of T-spline model is processed by the Bézier segmentation algorithm proposed in this paper. After that, combined with the algorithm of extracting Bézier operator proposed in reference [6] , the Bézier extraction of T-spline solids model is completed. Finally, the isogeometric analysis of T-spline solids can be performed. Statistics for all the tested models in the Bézier segmentation process are shown in Table 1 . Basically, the time consumed in Bézier segmentation is dependent on the scale of the model, but as shown here, the result is highly related with the complexity of the model's geometry, as in complex situation, more segmentation will be executed so resulting in more time consumption. This is the case for the sphere model and the head model, which have similar number of T-mesh vertices but because the head model has more details it needs more segmentation operations and generate more Bézier elements, so the time consumed is sharply increased. When compare the sphere model with the bunny model, we can come to know that when a model is more complex, it has more vertices and cubes, so the number of vertices and cubes affects the time of segmentation directly. 
Model T-mesh vertices
CONCLUSIONS
By far NURBS is still the mathematical basis for prevailing CAD software, though T-splines have shown obvious potentials in certain technical branches, especially those wherein watertight models are heavily dependent on. But the simple and clear algorithms as well as the easy-to-do data structure in NURBS are also invaluable for quick and high-efficiency development activities, which the T-splines still can't match. Maybe in the future a mixed approach combining both NURBS and Tsplines is possible, and the most reasonable pattern of coordinating the two will be a valuable topic. In this paper, we propose a Bézier segmentation algorithm in the parametric domain of Tspline solids for the purpose of employing T-spline in isogeometric analysis, for which basically only watertight models can be utilized. This algorithm can achieve Bézier segmentation of T-spline solids only by means of simple data structure and process. Our research supplements the brief description of Bézier segmentation in relevant papers. Combining with relevant literatures, we can achieve complete Bézier extraction of T-spline solid. On this basis, isogeometric analysis of T-spline solids is realized.
However, some complex T-spline solids may have extraordinary nodes (the nodes that have valence more than 6 in 3 dimensions, resulting in a much more complicated parametrization scheme). The above Bézier segmentation algorithm is incompatible with T-spline solids with such extraordinary nodes. As a difficult problem in the study of T-splines, the extraction of Bézier for extraordinary nodes in T-spline solid should be further explored. The examples shown here are also limited occasions because only zero genus solids are tested, which is only a small class of objects in mechanical engineering. In theory the main algorithms in this paper can be used for solids of arbitrary genus but such models need more complex parametrization method and it is still an ongoing job in our lab so no such examples can be demonstrated now. Once entitled with the ability to handle extraordinary nodes as well as arbitrary genus models, the isogeometric analysis based on trivariate T-spline models may fully unfold its potentials for integrated CAD/CAE scenarios, and this will be the work we devote the next few years to.
